48 Yifan Hu

For very large graphs, it may happen that some of the vertices are very close to
each other. Therefore, if we keep subdividing the squares without a limit, we
may end up with a tree structure with one or more very deep branches. This will
make the algorithm less efficient. In particular, a disproportionately large
amount of time will be spent in searching through the tree to find supernodes. It
is therefore necessary to limit the number of levels in the octree. We denote this
limit max_tree _level. Even if a square at level max_tree _level still has multiple
vertices, it is not subdivided further. We call such a square a dense leaf (of the
octree).

However, it is difficult to decide a priori how many levels should be allowed. If
we set the max_tree _level too small, we will have many vertices in the same
square as at the last level. This increases the average number of supernodes,
because when identifying supernodes needed to approximate the repulsive force
on a vertex i, if a dense leaf happens to be close to i, each vertex on the dense leaf
has to be treated individually as a supernode since no subgrouping is available. In
the extreme case when max_tree level =0, every vertex belongs to one dense
leaf, and there are » V »—1 supernodes that correspond to every vertex i. On the
other hand, although a large value for max_tree level reduces the average
number of supernodes, it increases the number of squares that need to be tra-
versed due to the deep branches.

We use an adaptive scheme to automatically find the optimal max_tree _level.
This is essentially a one-dimensional optimization problem with the variable
being max_tree _level and the objective function the CPU time of each outer
iteration of Algorithm 1, which consists largely of the time to transverse the
octree and the time in the repulsive force calculation. So one way to find the
optimal max_tree level is to measure the CPU time of the outer loop and
increase/decrease max_tree _level by one each time until the bottom of a valley is
located. However, CPU time measurement can fluctuate and such a scheme may
cause a different max_tree _level from run to run. This in turn gives a different
layout between runs, which is undesirable. Instead, we use

hHmax_tree _levell = counts + ans (8)

as the objective function, where counts is the total number of squares traversed,
ns is the total number of supernodes found during one outer iteration, and a is a
parameter chosen so that (8) gives the best estimate of the CPU time. Through
numerical experiments, we found that a in the range of 1.5 to 2.0 gives very good
correlation to CPU time measurement. Thus we used a = 1.7. The adaptive
scheme starts with max_tree level =8. After one outer iteration, we set
max_tree _level =9. Then, depending on whether the estimated CPU time
increases or decreases, we try a smaller or larger depth. If we ever hit a depth
already tried, we end the procedure and use the depth corresponding to the
smallest estimated CPU time. Typically, we found that the procedure converges
within 3-4 outer iterations, and the max_tree level located is very near the
optimal value. For smaller graphs of a few thousand vertices, typically
max_tree level settles down at around 8, while for very large graphs,
max_tree _level can go as high as 11.
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T 5. The Multilevel Algorithm

While approximation of long-range force using octree data structure greatly
reduces the complexity of Algorithm 1, it does not change the fact that the
algorithm repositions one vertex at a time, instead of laying out a whole region as
a unit. Large graphs typically have many local minimal energy configurations,
and such an algorithm is likely to settle to one of the local minimums. The
adaptive step length control scheme we introduce goes some way toward a better
layout, but as Figure 4 shows, is still insufficient toward a global minimum.

The multilevel approach has been used in many large-scale combinatorial
optimization problems, such as graph partitioning [11, 12, 23], matrix ordering
[24], the traveling salesman problem [25], and has proven to be a very useful
meta-heuristic tool [26]. The multilevel approach was also used in graph drawing
[2, 13, 14]. In particular, Walshaw [2] was able to lay out graphs with up to
225,000 vertices in a few minutes, and largely of good quality.

The multilevel approach has three distinctive phases: coarsening, coarsest graph
layout, and prolongation and refinement. In the coarsening phase, a series of
coarser and coarser graphs, G, G*, ..., G', are generated. The aim is for each
coarser graph G**! to encapsulate the information needed to lay out its “parent”
GX while containing fewer vertices and edges. The coarsening continues until a
graph with only a small number of vertices is reached. The optimal layout for the
coarsest graph can be found cheaply. The layouts on the coarser graphs are
recursively prolonged to the finer graphs, with further refinement at each level.
Hereafter, we use a superscript to denote the level. For example, x is the coordi-
nates of vertices in the level k graph G¥, k=0, ..., I.

- 5.1. Graph Coarsening

There are a number of ways to coarsen an undirected graph. One frequently used
method is based on edge collapsing (EC) [11, 12, 23], in which pairs of adjacent
vertices are selected and each pair is coalesced into one new vertex. Each vertex
of the resulting coarser graph has an associated weight, equal to the number of
original vertices it represents. Each edge of the coarser graph also has a weight
associated with it. Initially, all edge weights are set to 1. During coarsening, edge
weights are unchanged unless both merged vertices are adjacent to the same
neighbor. In this case, the new edge is given a weight equal to the sum of the
weights of the edges it replaces. The edges to be collapsed are usually selected
using maximal matching. This is a maximal set of edges, no two of which are
incident to the same vertex. For undirected graph partitioning, heavy-edge
matching has been found to work well. Here, the idea is to preferentially collapse
heavier edges. When looking through a neighbor list for an unmatched vertex,
an edge with the largest weight is selected. In the context of graph drawing,
Walshaw [2] chose to keep vertex weights in the coarser graphs as uniform as
possible by matching a vertex with a neighbor with the smallest vertex weight.
We found that both heavy-edge matching and matching with a vertex of smallest
weight give graph layouts of similar quality and used the former in this article.
Figure 6 illustrates a graph (left) and the result (middle) of coarsening using EC.
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Other coarsening methods have been proposed. In [27], a maximal independent
vertex set (MIVS) of a graph is chosen as the vertices for the coarser graph. An
independent set of vertices is a subset of the vertices such that no two vertices in
the subset are connected by an edge in the graph. An independent set is maximal
if the addition of an extra vertex always destroys the independence. Edges of the
coarser graph are formed by linking two vertices in MIVS by an edge if their
distance apart is no greater than 3. Figure 6 illustrates a graph (left) and the
result (right) of coarsening using MIVS.
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Figure 6. An illustration of graph coarsening: original graph with 788 vertices (left); a
coarser graph with 403 vertices resulted from EC (center); a coarser graph with 332
vertices resulted from MIVS (right).

We have implemented both EC and MIVS coarsening schemes for our multi-
level graph drawing algorithm. Notice that with EC, the coarse graph always has
more than 50% of the vertices of the original graph. For graphs with a high
average degree, it may happen that the number of vertices in the coarser graph,
G™*, may be very close to the number of vertices in the original graph, G'. This
can significantly increase the complexity of the multilevel algorithm. Therefore,
we will stop coarsening if there are only two vertices in the graph or
i+1
RS > v 9
»V Iy r ®)
We used r = 0.75. Here V' is the vertices in G'.

On the other hand, for a connected graph, the MIVS coarsening usually, though
not necessarily, results in a coarser graph with less than 50% of the number of
vertices of the original graph. In our experience, for graph layout, EC tends to
give slightly better results than MIVS, probably because it coarsens less aggres-
sively. However, MIVS is usually faster, due to the lower complexity. To over-
come the complexity issue of EC, we propose a third scheme, HYBRID. This
scheme uses EC whenever possible, however, if the threshold (9) is breached, we
use MIVS coarsening instead.
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5.2. Initial Layout on the Coarsest Graph

On the coarsest level, we lay out the graph using Algorithm 1 combined with the
adaptive step length control scheme. For MIVS and HYBRID coarsening
schemes, the coarsest graph has only two vertices, thus a random placement of
the two vertices would be sufficient.

5.3. The Refinement Step

The layouts on the coarser graphs are recursively prolonged to the finer graphs,
with further refinement at each level.

If graph G*! =8vi*l E"'< was derived using EC from G' =8V’ E'<, the
position of a vertex uce V™! is given to the two vertices v, w e V' that collapse
into u. If G*! was derived using MIVS from G', then a vertex v V' either
inherits the position if it is in the MIVS, or v must have one or more neighbors
in MIVS, in which case the position of v is the average of the positions of these
neighbors.

Once the prolongation is carried out to give an initial layout for G', this layout is
refined using Algorithm 1. As in [2], if in the initial layout two vertices happen to
be at the same position, as could be the case with EC-based coarsening, a ran-
dom perturbation is done to separate them. Because the initial layout is derived
from the layout of a coarser graph, this layout is typically already well placed
globally and what is required is just some local adjustment. Therefore, we found
that it is preferable to use a conservative step length update scheme. The simple
scheme (6) works well.

Although the initial layout in graph G' prolongated from the coarser graph G**
is usually globally well positioned, a naive application of Algorithm 1 would
cause large movement of vertices, thus potentially destroying the useful informa-
tion inherited. For example, in the context of the spring model, the physical
distance between two vertices u and v in the initial layout in G' is roughly the
same as the graph distance of the corresponding vertices in G'*1, that is

X =xb | odges HUE, VAL,

where uf and vt are two vertices in the coarser graph G™*! that corresponds to u
and v. However, to minimize the energy on level i, we want , x, —x, , to be as
close to the graph distance of them in G', that is, we want

<

X =xb o odgi Hu, vl

Typically dgi Hut , VEL is much smaller than dgiHu, VL. If the initial layout is used
as is, then to achieve the minimal energy, the graph has to be expanded by the
ratio between these two distances through a serious of large moves, which is
inefficient and could lose some information in the initial good layout.
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Therefore, for a multilevel algorithm based on the spring model, we scale the
initial coordinates by the ratio of the pseudo-diameters between the two subse-
quent levels of graphs,

g = diam HG'Lé diam HG'**L. (10)

For the spring-electrical model, Walshaw [2] suggested keeping the coordinates
unchanged but reducing the natural spring length K' to

Ki - Ki+l ég
S
with g = €764 . Walshaw derived this value based on examining a graph with
four vertices. We use instead (10) and found it to be equally effective. On the
coarsest level, we set K' to be the average edge length of the initial random
layout, as in [2].

To avoid the O#»V »’L complexity of the repulsive force calculation in the
spring-electrical model, Walshaw [2], following Fruchterman and Reigold [4],
cut off the contributions from faraway vertices. Only repulsive forces from
vertices within a certain radius were considered. Specifically, on the ith level, for
vertex v, repulsive forces from vertex u were ignored when , xi -x) . >R, Ifa
small radius R' is chosen, then repulsive force over even a short distance is
ignored. This can cause faraway regions to collapse into each other due to the
lack of force to spread them out. On the other hand, a larger radius R' is expen-
sive. In the extreme, R' = 9] gives us the OH » V2L complexity. Walshaw [2]
proposed the radius R!

R = 2Hi +1LK!.

Notice that the radius is larger, relative to the natural spring length, on the
coarser graphs, for which a large R value would not be too costly due to the
smaller sizes of the graphs. The effect of this cutoff, which would otherwise be
more profound, was largely dampened because of the multilevel approach.
Overall, the power of the multilevel approach means that the good quality global
layout achieved on coarser graphs was inherited by the finer graphs, and a small
radius on the finest graphs usually worked well. Nevertheless, we found that for
some graphs, particularly those with a hollow interior, such as the graph
finan512 in Section 6, the adverse effect of ignoring long-range repulsive force
was obvious. With our use of octree data structure, we no longer need to use a
cutoff radius for the spring-electrical model. Nevertheless we set a cutoff
radius of

R = rHi+1LK', 11)
and by default we set r = q[, which is equivalent to not using a cutoff radius at all.
This, however, also allows us to have a finite r value to experiment with. For the
spring model, to avoid calculation of the all-to-all distance matrix needed to

compute the force (5), we used a similar strategy, by only calculating the distance
of two vertices u and v and their attractive/repulsive forces, if

dHu, vL 8 rHi + 1L, (12)

with a default r value of 4.
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5.4. The Multilevel Algorithm

We present the overall multilevel algorithm in the following. In the algorithm,
ni = » V' is the number of vertices in the ith level graph Gi. x' is the coordinate
vector for the vertices in V'. We represent G' by a symmetric matrix G', with the
entries of the matrix the edge weights. The prolongation operator from Gj.; to
G; is also represented by a matrix P', of dimension n' &n"*. For details on the
implementation of the multilevel process, and some examples, see [24]. The
starting point is the original graph, Gy = G.
function MultilevelLayout HG', tolL
E Coarsest graph layout
— if (N*! < MinSize or n*! én' > r) 8
* x* = random initial layout
* xi = ForceDirectedAlgorithmiG' , x', tolL
* return xi
- <
E The coarsening phase:

- setup the n' &n"*! prolongation matrix P!
_ Gt =pi' gpi
- x™! = MultilevelLayoutiG'**, toll
E The prolongation and refinement phase:
— prolongate to get initial layout: x' = P' xi*1
— refinement: x' = ForceDirectAlgorithmiG' , xi, toll
- return x!

Algorithm 2. A multilevel force-directed algorithm.

In Algorithm 2, coarsening will stop if the graph is too small, n*! < MinSize, or
there is not enough coarsening, n*! én' >r. We used MinSize =2 and
r =0.75.

6. Numerical Results

In this section we demonstrate the drawings using our algorithms on some large
examples and also compare our algorithms with those of Walshaw [2], both in
terms of efficiency and quality of layout.

The algorithms are implemented in Mathematica 5.1, under the GraphPlot
package. To load the package, evaluate

<< DiscreteMath'GraphPlot"';
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This package has many graph theory functions. Among them, GraphPlot and
GraphPlot3D draw graphs in 2D and 3D, respectively. Details of the package can
be found in the Mathematica Help Browser.

The details for the algorithms we will demonstrate and the names they are
denoted by follow. We also give the Mathematica command corresponding to
each of the algorithms, where we use gr to represent the graph.

MSE(r) (Multilevel Spring-Electrical Model)

Multilevel Algorithm 2 with HYBRID coarsening scheme, octree data structure,
and repulsive/attractive force given by (1). The cutoff radius for the repulsive
force calculation is (11), with r = 9 by default. The Mathematica command for
MSE(I) is

GraphPlot[gr, Method—>{SpringElectricalModel, Tolerance—>0.01}]
The Mathematica command for MSE(r) (r < 9q[) is

GraphPlot[gr, Method—>{SpringElectricalModel, Tolerance—0.01,
InferentialDistance—r}]

MSE(r, p) (Multilevel Spring-Electrical Model with General

Repulsive Force)

Multilevel Algorithm 2 with HYBRID coarsening scheme, octree data structure,
and repulsive/attractive force given by (1). The cutoff radius for the repulsive
force calculation is (11), with r = 9 by default. The difference from MSE(r) is
that the general repulsive force model (4) is used with parameter p. MSE(r) is the
same as MSE(r, 1). The Mathematica command for MSE(], 1) is

GraphPlot[gr, Method—>{SpringElectricalModel, Tolerance—>0.01}]
The Mathematica command for MSE(r, 1) (r < q1) is

GraphPlot[gr, Method—>{SpringElectricalModel, Tolerance—0.01,
InferentialDistance—r}]

The Mathematica command for MSE(r, p) (r <9I, pJ 1) is
GraphPlot[gr, Method—>{SpringElectricalModel, Tolerance—0.01,

InferentialDistance—r, RepulsiveForcePower—-p}]

MS(r) (Multilevel Spring Model)

Multilevel Algorithm 2 with HYBRID coarsening scheme, octree data structure,
and repulsive/attractive force given by (5). The cutoff radius for the distance and
force calculation is (12), with r =4 by default. The Mathematica command for
MS(11) is

GraphPlot[gr, Method—>{SpringModel, Tolerance—>0.01}]
The Mathematica command for MS(r) (r < 9q]) is

GraphPlot[gr, Method—>{SpringModel, Tolerance—0.01, InferentialDistance—>
r}]
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SE (Spring-Electrical Model)
Algorithm 1 with octree data structure and repulsive/attractive force given by (1).
The Mathematica command for SE is

GraphPlot[gr, Method—>{SpringElectricalModel, Tolerance—0.01,
RecursionMethod—>None}]

MLFDP
The multilevel force-directed placement algorithm (MLFDP) from [2].

For all the preceding algorithms, we used a tolerance of tol = 0.01 to be compara-
ble with Walshaw [2]. All our results are from a 3.0 GHz Pentium 4 machine
with 2 GB of memory and a 512 KB cache under a Linux operating system. Our
code is written in C and compiled with gcc using compilation flag “gcc -O2”.

6.1. Comparison with Walshaw
In this section we compare our algorithm with that of Walshaw [2].

Table 1 lists a set of nine test problems from [2]. Some of these problems origi-
nate from engineering applications for which there is a known layout. Table 2
gives the CPU time for MSE(2) and MSE(1]), as well as the CPU time for the
multilevel force-directed placement algorithm (MLFDP) from [2]. To see the
extra cost of the multilevel approach, we also include the CPU time for the
single level spring-electrical model, SE, in the last column of the table. The set
of nine problems were chosen to be the same as those in Table 3 of [2]. We draw
all the graphs in 2D and use these layouts for all the subsequent figures. How-
ever to be able to compare them with [2], we also laid out the last four graphs in
3D, even though sierpinskilO is really a 2D graph and, as Figure 12 shows, we
can layout in 2D just fine.

Notice that Walshaw’s CPU results were for a 1 GHz machine, 1/3 of the clock
speed of our machine. However, based on our experience of clock speed and
actual performance, we would expect the performance of our machine to be less
than three times of Walshaw’s.

Walshaw’s MLFDP algorithm should be somewhat similar to our MSE(2),
because both employ a similar cutoff radius. There are, however, some differ-
ences. MSE(2) uses the octree data structure and searches through the structure
to decide if a cluster of vertices can form a supernode or should be excluded
because it is outside the cutoff radius. So we have two approximations. In terms
of CPU time, forming supernodes reduces the number of repulsive force calcula-
tions, but searching through the octree data structure is more expensive than the
regular mesh-like data structures used by Walshaw to implement the cutoff
radius. Therefore, overall, we expect the complexity of MLFDP and MSE(2) to
be comparable. This is confirmed in Table 2. MLFDP and MSE(2) indeed do
have quite comparable CPU time in general, although MSE(2) is notably faster
on finan512, while MLFDP is notably faster on dime20. MSE(T]), which does
not ignore long-range force, is only on average 21% more expensive than
MSE(2).

The Mathematica Journal 10:1 © 2006 Wolfram Media, Inc.



56 Yifan Hu

Comparing multilevel algorithm MSE() with its single level counterpart SE, it
is seen that MSE(T]) is no more than twice as expensive, in fact for most graphs
the difference is small. It is surprising that for sierpinskil0, SE is more expensive
than MSE(q[) for both the 2D and 3D layouts! A careful examination of the
innermost loops of the force calculations and octree code reveals that MSE(1])
takes between two to three times as many operations as SE. The abnormality in
CPU time is due to poor cache performance of the octree code in SE. SE starts
from a random layout and never quite gets to a good layout for large graphs.
When looping over vertices in the natural order to find their supernodes in the
octree code, the locations of the vertices are unpredictable. The multilevel
algorithm MSE(MI), on the other hand, always starts from a good initial layout.
For most of the graphs in Table 1, the natural vertex ordering is such that if two
vertices are close in their indices, they also tend to be close in their physical
locations in the original layout. Thus in the octree code, roughly the same
squares tend to be examined again and again when finding supernodes for
consecutive vertices. This means that cache performance is very good for multi-
level algorithm MSE(1I), but very poor for single level algorithm SE. This
analysis is confirmed when we randomly shuffle the vertices. With such a ran-
dom ordering, CPU timings for SE stay roughly the same, while the CPU
timings for MSE(1) increase about twice.

The preceding analysis may suggest that the multilevel algorithm is susceptible
to poor initial vertex indexing. However, this is not true. First, large graphs tend
to have good natural ordering. Second, poor ordering can be easily remedied by
preordering the vertices using a suitable ordering algorithm that is inexpensive.
For example, we used the METIS [10] nested dissection algorithm to order
previously randomly shuffled graphs, using the adjacency matrix of the graphs,
and then applied the multilevel algorithm to the resulting graphs. We found that
the CPU timings of MSE(]) on these preordered graphs are very comparable to
those in Table 2. In fact for dime20, the CPU time is reduced from 290.6 to
252.3 with nested dissection preordering! Nested dissection preordering, how-
ever, has no effect on the cache performance of SE, due to its poor initial and
subsequent layouts. It is possible to improve SE by ordering the vertices using a
nested dissection based on the physical locations of the vertices, but since SE is
not a good graph drawing algorithm anyway, we will not pursue this further
here.

The Mathematica Journal 10:1 © 2006 Wolfram Media, Inc.



Efficient, High-Quality Force-Directed Graph Drawing

57

Graph »Vo » E» | Avg. Degree | Diameter | Graph Type

c-fat500-10 500 46627 | 186.5 4 | Random clique test

4970 4970 7400 3. 106 | 2 D dual

delt 15606 45878 5.9 102 | 2 D nodal

finan512 74752 261120 7. 87 | Linear programming

dime20 224843 336024 3. 1179 | 2 D nodal

data 2851 15093 | 10.6 79 | 3D nodal

add32 4960 9462 3.8 28 | 32-bit adder

sierpinskil0 | 88575 177147 4, 1024 | 2 D fractal

mesh100 103081 200976 3.9 203 | 3D dual

Table 1. Description of test problems.
Size CPU

Graph »Vo »E» | MLFDP” MSE H2L MSE HTIL MS HAL SE
2D
c-fat500-10 500 46627 5.6 0.37 0.37 082 02
4970 4970 7400 6.4 25 2.7 10.9 1.8
delt 15606 45878 24.3 9.4 11.7 102.9 9.2
finan512 74752 261120 363.8 56.6 59.8 37149  60.
dime20 224843 336024 264.3 195.5 290.6 1984.6 277.7
data 2851 15093 - 1.1 1.2 17.8 1.3
add32 4960 9462 - 31 33 44.4 2.6
sierpinskil0 | 88575 177147 - 441 65.1 146.8 75.6
mesh100 103081 200976 - 91.6 109.4 5807.8  89.5
3D
data 2851 15093 6.6 23 24 33. 1.6
add32 4960 9462 12.5 6.2 7.1 230.7 3.2
sierpinskil0 | 88575 177147 136.7 64.7 100.9 317.2 1149
mesh100 103081 200976 431.1 158. 204. 6431.3 138.2

Table 2. CPU time (in seconds) for some force-directed algorithms. *: MLFDP data from
[2], was for a 1 GHz Pentium Ill. All other times are for a 3 GHz Pentium 4. —: data not
available.

As we would expect, MS(4) is very slow. This is because the spring model seeks
to lay out vertices to have a physical distance equal to the graph distance. It is not
obvious how to extend the octree methodology to the spring model. We can
certainly work out the average graph distance of a cluster of vertices to another
vertex, but to do so we still have to find the individual graph distances first.
Therefore, no saving is achieved. A cutoff radius does allow us to reduce the
O#» V »L complexity. However, we found that for good drawing quality, we have
to use a relatively large radius. This is probably because, unlike the
spring-electrical model, the spring model does not have a strong repulsive force
and with the cutoff radius the repulsive force is weakened further. At a cutoff
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radius of 4, a large number of vertices are included, making the algorithm quite
costly.

In terms of drawing quality, MSE(2) performs comparably to MLFDP, with
MSE(T]) the best. Both MSE(2) and MLFDP ignore long-range forces. How-
ever, the multilevel process enables them to inherit global information from
coarser graphs, thus in most cases both still give good quality drawings. Neverthe-
less, for some problems, the adverse effect can be seen.

6.2. Comparison of Drawings

In the following, we give drawings of the graphs in Table 1. Our drawings of
c-fat500-10 are the same as in [2] and are thus not included here. All our draw-
ings are done in 2D, as we found that 2D drawings give us good representation.

Figure 7 (left) gives drawings of 4970 using MSE(q[). In this case the mesh
around three corners is cluttered compared with the drawing in [2]. We believe
this is due to the peripheral effect discussed in Section 3.1, which is reduced
when there is a cutoff radius, as in Figure 10(b) of [2], and in MSE(2) (middle).
An alternative way to reduce the peripheral effect is to explicitly use a weaker
repulsive force model (3), as the drawing by MSE(1], 2) (right) shows.

o N
N

Figure 7. Drawings of 4970 by MSE(MI) (left), MSE(2) (middle), and weaker repulsive
force model MSE(T], 2) (right).

Figure 8 (left) gives the drawing of finan512 using MSE(q[). This drawing is
more appealing than Figure 13 of [2]. In that drawing, the circle is elongated,
with the “knobs” flat and close to the circle. We believe this is due to the effect
of ignoring the long-range repulsive force, so that the circle does not have
enough force to make it rigid and rounded, and the knobs do not have enough
force to push them out. We observed a similar side effect when we looked at the
drawing given by MSE(2) in Figure 8 (right), where the circle is twisted,
although it does draw the knobs well.
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