


































Any state is reachable from any other and the search space grows rapidly with n,
which  renders  a  trial-and-error  approach  impractical.  The  following  function  
rabbits  adapts  our  backtrack  paradigm  to  this  problem.  Given  the  number  n
of  rabbits  and  the  depth  of  search,  it  exhaustively  looks  for  a  solution.  The
coding that we follow is the same as the one adopted to describe the empty space
in the previous section as depicted in Figure 2

In[61]:= rabbits@n_Integer, depth_D :=

Module@8goal, back, move, getCandidates, ans = 8<, lim = depth<,

back@x_D := 1 ê; Length@xD > lim;

back@x : 8___, 8g_, _<<D :=

HAppendTo@ans, xD; lim = Min@lim, Length@xDDL ê; g == goal;

back@feasible : 888_String ..<, _Integer< ..<D :=

Module@8candidates<,
candidates = Select@getCandidates@Last@feasibleDD,

Not@MemberQ@First êü feasible, First@ÒDDD &D;
Map@back@Join@feasible, 8Ò<DD &, candidatesDD;

move := 88x___, a_, b_, "0", y___< Ø 88x, "0", b, a, y<, 1<,
8x___, "0", a_, b_, y___< Ø 88x, b, a, "0", y<, 2<,
8x___, a_, "0", y___< Ø 88x, "0", a, y<, 3<,
8x___, "0", a_, y___< Ø 88x, a, "0", y<, 4<<;

getCandidates@state : 88_String ..<, _Integer<D :=

ReplaceList@First@stateD, moveD;

goal = Join@8"0"<, ToString êü Range@n, 1, -1DD;
back@88ToString êü Range@0, nD, 0<<D;
If@ans == 8<, 8<, Last@ansDDD

For example, if there are two rabbits we obtain:

In[62]:= u = rabbits@2, 10D;
Map@8StringJoin@First@ÒDD, Last@ÒD< &, uD

Out[63]= 88012, 0<, 8102, 4<, 8120, 4<, 8021, 1<<
With three rabbits, the solution sequence grows as:

In[64]:= u = rabbits@3, 10D;
Map@8StringJoin@First@ÒDD, Last@ÒD< &, uD

Out[65]= 880123, 0<, 82103, 2<, 82130, 4<, 82031, 1<, 82301, 4<, 80321, 1<<
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Compiling a table of solutions for the cases of up to five rabbits, we obtain:

In[66]:= Table@u = rabbits@n, 18D;
8n, FromDigits@Last êü uD<, 8n, 2, 5<D êê MatrixForm

Out[66]//MatrixForm=

2 441

3 24 141

4 4241142411

5 2441322311422311

To get some insight into the problem, consider the following results. 

Definition 3. Let Xn  be the word defined as: X1 = 4, X2 = 2 and

Xn =
2nê2 3 H14Ln-2 2Hnê2L-1 4 H14Ln-2 Xn-2 n even
2Hn-1Lê2 4 H14Ln-1 2Hn-3Lê2 4 H14Ln-3 Xn-2 n odd

.

Theorem 8. 0123 … n
Xn  3n

0 nHn - 1L Hn - 2L … 21.

Proof. For n even:

012 … n
2nê2

214 365 … n Hn - 1L 0
Ø
3

214 365 … n 0 Hn - 1L
H14Ln-2

n 0 214 365 … Hn - 2L Hn - 3L Hn - 1L
2Hnê2L-1

n 123 … Hn - 2L 0 Hn - 1L
Ø
4

n 123 … Hn - 2L Hn - 1L 0
H14L n-2

n Hn - 1L 0123 … Hn - 2L
the case n odd is handled similarly. ·

Although  useful,  this  result  gives  a  large  upper  bound  for  the  solution.  For
instance, instead of the 21 movements required to get from 0123456 to 0654321,
we need 43 by using Theorem 8. Just to appreciate the subtleties involved, let us
consider  the  steps  used  in  applying  one  of  the  shortest  solutions  2223113Ö
22231132223113:

0 123 456
222

2 143 650
311

2 041 635
322

4 261 035
231

4 260 513
132

6 402 513
223

6 452 301
113

0 654 321.

If instead of describing the movement of the 0 marker, we explicitly mention the
label of the rabbit that has to move/jump, we have the following result.

Theorem 9. Let  e  be  the  increasing  sequence  of  even  labels  0246  … and o  the
decreasing sequence of odd labels … 531 of the n rabbits involved in the rabbits problem. 
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Then the following holds:

0123 … n
He oLn+1

0123 … n

0123 … n
He oLnê2 e

0 n Hn - 1L … 321 n even

0123 … n
He oLHn+1Lê2 e

nHn - 1L … 210 n odd.

This provides sequence H246 531L3 246 as a 21-step solution for the case n = 6. In
general,  it  provides  a  sequence  significantly  smaller  than  the  one  given  by
Theorem 8.

Once  the  training  of  our  rabbits  is  over,  they  can  be  put  in  a  circular  board
connecting the last square to the first one to study their reactions to a more diffi-
cult setup. This new arrangement is reflected in the following list of transforma-
tions that gives rise to the following function Crabbits (circular rabbits).
In[67]:= moves := 88"0", x___, a_, b_< Ø 88"0", b, a, x<, 1<,

8"0", a_, b_, x___< Ø 88"0", x, b, a<, 2<,
8"0", x___, a_< Ø 88"0", a, x<, 3<,
8"0", a_, x___< Ø 88"0", x, a<, 4<<;

In[68]:= Crabbits@n_Integer, depth_D :=

Module@8goal, back, moves, getCandidates, ans = 8<, lim = depth<,

back@x_D := 1 ê; Length@xD > lim;

back@x : 8___, 8g_, _<<D :=

HAppendTo@ans, xD; lim = Min@lim, Length@xDDL ê; g == goal;

back@feasible : 888_String ..<, _Integer< ..<D :=

Module@8candidates<,
candidates = Select@getCandidates@Last@feasibleDD,

Not@MemberQ@First êü feasible, First@ÒDDD &D;
Map@back@Join@feasible, 8Ò<DD &, candidatesDD;

moves := 88"0", x___, a_, b_< Ø 88"0", b, a, x<, 1<,
8"0", a_, b_, x___< Ø 88"0", x, b, a<, 2<,
8"0", x___, a_< Ø 88"0", a, x<, 3<,
8"0", a_, x___< Ø 88"0", x, a<, 4<<;

getCandidates@state : 88_String ..<, _Integer<D :=

ReplaceList@First@stateD, movesD;

goal = Join@8"0"<, ToString êü Range@n, 1, -1DD;
back@88ToString êü Range@0, nD, 0<<D;
If@ans == 8<, 8<, Last@ansDDD
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The results for up to six rabbits are:

In[69]:= Table@u = Crabbits@n, 15D;
8n, FromDigits@Last êü uD<, 8n, 2, 6<D êê MatrixForm

Out[69]//MatrixForm=

2 4

3 2

4 4422

5 422232

6 44 422322322

Let us note that the symbol “0” in the previous transformation move is not really
necessary.  In  looking  at  the  resulting  0-less  transformations  for  the  first  time,
who would  realize  that  these  strange transformations  correspond to  movements
performed by rabbits in a circular one-dimensional board!
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