On the Perimeter of an Ellipse

Paul Abbott

Computing accurate approximations to the perimeter of an ellipse is a fa-
vorite problem of mathematicians, attracting luminaries such as Ramanu-
jan [1, 2, 3]. As is well known, the perimeter # of an ellipse with semimajor
axis # and semiminor axis & can be expressed exactly as a complete elliptic
integral of the second kind.

What is less well known is that the various exact forms attributed to Maclau
rin, Gauss| Kummer, and Euler are related via quadratic hypergeometric
transformations. These transformations lead to additional identities, in-
cluding a particularly elegant formula symmetric in # and b.

Approximate formulas can, of course, be obtained by truncating the series
representations of exact formulas. For example, Kepler used the geometric

mean, P ~ 271+ ab , as a lower bound for the perimeter. In this article, we

examine the properties of a number of approximate formulas, using series
methods, polynomial interpolation, rational polynomial approximants, and
minimax methods.

Introduction

The well-known formula for the perimeter # of an ellipse with semimajor axis #
and semiminor axis # can be expressed exactly as a complete elliptic integral
of the second kind, which can also be written as a Gaussian hypergeometric

function,
b? 1 1 b?
P=44E1-—|=2na,F|—, —-—1;1-—|.
a? 22 a?

The quadratic hypergeometric transformations [4, 5] lead to additional identities,
including a particularly elegant formula, symmetric in # and 5,

a +b?
P=2n\ab Pl[ . ),
2 a

2

where P,(z) is a Legendre function.
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Cartesian Equation

The Cartesian equation for an ellipse with center at (0, 0), semimajor axis #, and
semiminor axis b reads

= E(x_, y_) = (f)z + (Z]Z =1;

a b

Introducing the parameter ¢ into the Cartesian coordinates, as (x = #sin(y),
y = bcos(p)), we verify that the ellipse equation is satisfied.

2= Simplify[E(a sin(p), b cos(p))]

outpj= True

Arclength

In general, the parametric arclength is defined by

2 (9.96' 2 (9 2
c- 5] (5] 0
%1 6‘10 6‘10
The arclength of an ellipse as a function of the parameter ¢ is an (incomplete)
elliptic integral of the second kind.

3= Llp) = With[{x = asin(p), y = bcos(<p)},

Simplify[ [Z—:] +[Z—Z] d’¢,a>b>0/\0<¢< ;]]

0
outi3= aE[¢|1 - =
a
Since
In[4]:= L(O) =0

outigl= True
the arclength of the ellipse is
Lp) =aEp| ), )

where the eccentricity e is defined by

b2
nsl= e(a_, b)) =4[ 1- —
a
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Perimeter
Since the parameter ranges over 0 < ¢ < ;—r for one quarter of the ellipse, the

perimeter of the ellipse is

T
In[6]:= Pl(a_, b_) = 4.[:(5)

-]
utf)= 4aE[1 - —
outfé] =

That is, P = 44 E(¢?), where E(m) is the complete elliptic integral of the second
kind.

Alternative Expressions for the Perimeter

The given expression for the perimeter of the ellipse is unsymmetrical with re-
spect to the parameters # and 4. This is “unphysical” in that both parameters, be-
ing lengths of the (major and minor) axes, should be on the same footing. We
can expect that a symmetric formula, when truncated, will more accurately approx-
imate the perimeter for both 2 = b and # < b.

Noting that the complete elliptic integral is a Gaussian hypergeometric function,

1 1
n7i= 2Fil =, —=3 152
2 2

2 E(2)

Out[7]=
Vs

we obtain Maclaurin’s 1742 formula [2]

1 1
ngl= Pila, b) = ZxazFl[E, - E; 1; e(a, b)z]

outfgl= Lrue

Equivalent alternative expressions for the perimeter of the ellipse can be ob-
tained from quadratic transformation formulas for Gaussian hypergeometric
functions. For example, using functions.wolfram.com/07.23.17.0106.01,
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2
1 1 1-y 1-2
a,a—ﬂ+5;ﬂ+5;[ ]]

()

2 Fy

nisi- Simplify|> Fy(a, B3 2 B3 2) =

1 1
{ﬂ—’ —,fl—>——,z—>e(a,b)2},a>b>0]

2 2

b 1 1 (a-b?
outig= 4aEll - —|[=@+bnr,F|-—, —— 1;

& 2 2 (a+b’
and noting that

(a - b)? 4ab
In[10]:= Simplify[ =1- ]

(@ + b)* (a + b)?

outfio}= True

we obtain the following symmetric formula

1 1 4ab
1= Pr(a_, b)) =n(a+b),F|- ;, - ;; 1;1- H

(a + by’
first obtained by Ivory in 1796, but known as the Gauss| Kummer series [2].

. . a-bY? 4ab
Introducing the homogeneous symmetric parameter b = E b;’ =1- ( ﬂb)’ )
a+b) ato)

we

have (cf. mathworld.wolfram.com/Ellipse.html)
1 1
In[12]:= Simplify[FunctionExpand[:r (@+b), Fl[— E’ - ;; 1; h]]]

outf12i= 2 (@+b) 2 E(h) + (h— 1) K(h)
Explicitly, the Gauss| Kummer series reads

np13= Pz, b)) = FullSimplify[FunctionExpand[PZ(a, b)l,a>b> O]

4ab ]_ 8abK(1 - %)

outf131= 4 (a+h) E[1 -

(a+by’ a+b

Instead, using functions.wolfram.com/07.23.17.0103.01, we obtain Euler’s 1773
formula (see also [2])
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2

@ a+l 1 2
i3 555 B+ 55 55)

2-2)?
(-3

In[14]:= Simplify[2 Fi(a, B;2 B;2) =

1 1

{ﬂ - 5, @ - _E, z - e(a, b)z}]

B 21 11 (@-b)
out[14)= 4E1——7 = | —+2 7,F|--, = 13

& A (@)
The hidden symmetry with respect to the interchange # < b is revealed.

msi= FullSimplify[%, b > a > 0]

Sd- 3
outf1sj= BE|1 - —|[=aE|1 - —
b &

Defining

— 1 1 (2-8)
mniel= Paa, b)) =x 2(" +b) 2F Z’_Z; 1; 2+ ;

we can directly check the formula.

in171=  Simplify[FunctionExpand[Py4(a, b) = P;(a, b)], a > b > 0]

outf17]= True

O Other Identities

There are many other possible transformation formulas that can be applied
to obtain alternative expressions for the perimeter. For example, using
functions.wolfram.com/07.23.17.0054.01 we obtain the following formula

In[18]:= Ps(a_, b_) =
Py, b) [. ;Fi(a_,b_sc32) > (1 =2 Fi(c—a,c—b; c; )

162 0 mFy(3, 3511 - +ab )

(a+b)?

Out[18]=
(a+b’

The perimeter can also be expressed in terms of Legendre functions (see Sec-
tions 8.13 and 15.4 of [6]). For example, using 15.4.15 of [6] we obtain the ele-
gant and simple symmetric formula
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In[19]:= Ps(a_, b_) =

b-a

Simplify| P (@, b) /. ,F1@_, b c5x) » Ta—b+ DA -0 (-0 T

+1
P”"‘[ ]/;c:a—b+1,a>0/\b>0]
1-x
&+
outf19= 2+ ab 7P,
7\ 2ab

Alternatively, this result follows directly from 8.13.6 of [6] with €7 =
%:cosh(n) =

lipse is a homogenous mean (cf. [7]), extending the arithmetic-geometric mean
(AGM) already used as a tool for computing elliptic integrals [8].

Using functions.wolfram.com/07.07.26.0001.01 gives yet another formula involv-
ing complete elliptic integrals.

o= Py, b)) =

1-2

Simplify[FunctionExpand[SD(,(a, b/ P, (z)~> zFl[—v, v+1;1;

" a-b? (a-b?
OUt[ZOI_ 4 [2 E[ K[_ ]]
4ab

4ab
Here we compare the seven formulas for & = 2 4,

Ji

O Comparisons

In[21]:= Slmphfy[{Pl (ﬂa 2 tl), P2(‘17 2 ”)’ P3(ﬂ, 2 ”),
P4(ﬂ, 2”)’ PS(”, 2”), P6(a, 2‘1)’ P7(ﬂ, 2”)}’ a > 0]

11 1) 4 1 1
out21) {4aE(—3), 3a7r2F1[—E, - —], - a(9 E[;]—4K[§]],

27 79) 3
1 1 9) 64 33 1
10 an,F |-, ——;1; — |, —an,F, 1 —|,
4 4 725 27 272 79

1
8
inf221:= N[%]
outiz2]= {9.68845 a, 9.68845 a, 9.68845 a, 9.68845 a, 9.68845 a, 9.68845 a, 9.68845 a}

n231= Equal @@ %

outp23j= True

and for b = %
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a a a
Inf24]:= Simplify[{P1[ﬂ, ;), Pz(ﬂ, ;], P3(ﬂ, ;],

a a a a
P4(”? _]’ 7)5(”1 _]1 PG(‘l’ _], 7)7[”, _)}’ a> 0]
3 3 3 3

8) 4

1 1 1
out[24]= {4aE 5 , ganzFl —5, —5; 1;; )

2 1 1 2 1 1 16
_a[g E[]sK[]] - F[ L _J,
4 4)) 3

3 4 4 25

’

2,57 47

s 1) ) alel)-an)
—an,F [ ) , }
4 s Vs
inizsi= N[%]

outizsl= {4.45496 8, 4.45496 a, 4.45496 a, 4.45496 &, 4.45496 a, 4.45496 a, 4.45496 &}

mi26l= Equal @@ %

outp26)= 1rue

m Numerical Approximation

At www.ebyte.it/library/docs/mathO5a/EllipsePerimeterApprox05.html [1] we
are encouraged to search for “...an efficient formula using only the four algebraic
operations (if possible, avoiding even square-root) with a maximum error below
10 ppm. It would also be nice if such a formula were exact for both the circle and
the degenerate flat ellipse”.

The Gauss| Kummer series expressed as a function of the homogeneous variable

h=1— 4ab

o reads

P,(a, b) Z\Iab
[.a+b—>

a+b m

n27i= GaussKummer[h_] =

1 1
outz7l= 7 Fi|—=, == ;h
2 2

O Series Expansions

The series expansion about » = 0 is useful for small 5.

The Mathematica Journal 11:2 © 2009 Wolfram Medla, Inc.



On the Perimeter of an Ellipse 179

insi= GaussKummer[h] + O(h)°

zh  aht zh  25zh* 49xh°
out[28)= T+ —+ —+ — + +

4 64 256 16384 65536

441705 1089xh’ 184041 7h8
+ +
1048576 4194304 1073741824

+

+0O()

Around b = 1, terms in log(1 — b) arise.
o= Simplify[Series[GaussKummerl[b], {b, 1, 2}], 0 < b < 1]
1 3
outizg)= 4+ (h-1) + " [—2 log(1 - h) - 4@0(0’[5] —4y+ 3] (h—1)? +O((h- 1))

Using functions.wolfram.com/07.23.06.0015.0, we obtain the general term
of this series (c.f. 17.3.33 through 17.3.36 of [6]),
In[30]:= Simplify[GaussKummer[h] /.

m-1)'T@+b+mn)
2Fi(a_,b_jc;2z) > With[{n =c—a-b},

TFa+n)TG+n)

(@), (B (1 =2 T@+b+n) [i 1
k!'(k+mn)!

+
= kR -n)y, rore &

(@ +n), (b+mn)y) (—log(l -2)+yYle+ D) +yle+n+1) -

Ya+k+n)—yb+k+m)d —z)k] (z - 1)"]]

o (1—hy (;)k2 (Flog(1 —h) +u Ok + 1)+ y Ok + 3) - 20Ok + 2

1
Out[30]= —
4 ;‘ K!(k+2)!

(h=1 +4(h+3)

O Polynomial Approximants

Linear Approximant
From the exact values at b = 0,

1= GaussKummer[0]
out31}= T

andath =1,

in21:= GaussKummer[1]

outf32j= 4
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we construct the linear extreme perfect approximant.
m33:= Linear[h_] = Simplify[(1 — b) GaussKummer[0] + b GaussKummer[1]]
outzz}= ®—h(=4+m)

inzai= Plot[{GaussKummer[b], Linear[h]}, {h, 0, 1}]

4.0 i
3.8 —
out[34]= 36 7
3.4 f

0.2 0.4 0.6 0.8 1.0

Quadratic Approximant
1

The quadratic approximant, exact at b = 0, s 1,

I35 FulISimplify[Table[{b, GaussKummer[h]}, {h, 0,1, %}]]

0 n
()
‘/7

Out[35]=

1 4

nz6i= Quadraticlh_] = N [InterpolatingPolynomial[%, b]]
outizel= (0.0891819 (h—0.5) + 0.813816) h + 3.14159

has a maximum absolute relative error less than § x 107*.

Quadratic[h]

7= Plot[10% [1 - ] b, 0, 1]

GaussKummer[h]

Out[37]= oL
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n'"_order Polynomial Approximant

Here is the nth-order “even-tempered” polynomial approximant, exact at b = =
p Yy p )
n

form=0,1, ..., n

3= poly[n_] := poly[#] = Function[h, Evaluate[InterpolatingPolynomial[
1
N[Table[{h, GaussKummer[b]}, {h, 0,1, ;}]], h]”

The 9-order approximant has a maximum absolute relative error less than 107°.
poly[9][k] ]

GaussKummer[5]

inizsy= Plot[10° [1 -

{h, 0, 1}, PlotRange — All, PlotPoints - 30]

i VIR

0.2 0.4 0.6 0.8 110

2+

Out[39]=

,10;

Chebyshev Polynomial Approximant
Sampling the Gauss|Kummer function at the zeros of 7,(2 x — 1), which are at

X = COS’ ((m + %) %), yields a Chebyshev polynomial approximant.

ima0}= Chebyshevpoly[n_] :=
Chebyshevpoly[z] = Function[h, Evaluate[InterpolatingPolynomial[

1
T e R R
Y
] N
GaussKummer] cos - }’ {m, ”}]]]’ h]”

The 8™-order approximant has a maximum absolute relative error less than
7x107.
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Inf41)i= Plot[106 [1 _ Chebyshevpoly BII4] ] {b, 0, 1}, PlotRange - A11]
GaussKummer[h]
o
N
A
Out[41]= “\j‘
LE \}é 0. .6 .8 1.0
4l
6l

O Rational Approximation
After loading the Function Approximations Package,

infa21= << FunctionApproximations
we obtain a family of [N, M] rational polynomial minimax approximations.

3= GKapprox[n_, m_] := GKapprox[zn, m] = Function[h, Evaluate[
MiniMaxApproximation[GaussKummer[54], {b, {0, 1}, n, m}][2, 1]]]]

For example, the [4, 3] minimax approximation,
int44= GKapprox[4, 3](b]

-0.0811183 h* +0.273498 h* + 1.77163 W2 — 5.0554 h + 3.14159

out(44]=
’ -0.14146 h* + 1.01321 W - 1.8592h + 1

has (absolute) relative error at most 2.3 x 107, but is not “extreme perfect”.

GKapprox[4, 3][h]
], b, 0, 13]

Infas]= Plot[107 1-
GaussKummer[b]

2+

Outlasl= B T YR RS EYRE
_1 |
-2 v v \\/
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Using the linear approximant 45 + (1 — ) and noting that 5 (1 — /) vanishes at
both # =0 and b =1 leads to an optimal [N + 2, M] extreme perfect approxi-
mant of the form

1

1 =1 (b= pi)
ﬂ-ZFl[_E’_E; 1,/7]%4]J+7T(1—}.7)+(X}J(1—]J)rlf\71—p

”?/:11 (/7 - 7/’)
where the parameters @, {p;},_; 5, and {q]-}jzl,m’M need to be determined. Im-
plementation of the approximant is immediate.
In[46]:= EllipseApproximant[cx_, p_List, q_List] =
ha Times @@ (b — p) (1 — b)

Function[h, Evaluate[ +r(1-h)+4 h]]

Times e@e (b - g)
After uniformly sampling the Gauss| Kummer function,
Inf47]:= {xdata, ydata} = Table[{h, GaussKummer[h]}, {}, 0, 1, 0.001}]’;

we can use NMinimize and the co-norm to obtain the accurate approximants.
For example, the (almost) optimal [3, 2] approximant is computed using

In[48]:= NMinimize[”ydata - EllipseApproximant|e, {p}, {4, r}][xdata]”w,

a 022 024
p 125 135 ]
g 34 3.5
r 115 125

outias= {0.0000206279, {p— 1.30685, q— 3.46703, r > 1.2114, a - 0.233508}}
leading to
inaol= EllipseApproximant|a, {p}, {g, 7}|[h] /. Last[%]

0.233508 (h— 1.30685) h(1 — h)

out[49]= +m(l-h+4h
(h-3.46703)(h-1.2114)

This simple approximant has (absolute) relative error less than 6.5 x 107,

The Mathematica Journal 11:2 © 2009 Wolfram Medla, Inc.



184

Paul Abbott

iisop= Plot[10° [1 -

Out[50]=

%

], b, 0, 1)

GaussKummer[5]

m Conclusions

Computing the perimeter of an ellipse using a simple set of approximants demon-
strates that Mathematica is an ideal tool for developing accurate approximants to
a special function. In particular:

All special functions of mathematical physics are built in and can be eval-
uated to arbitrary precision for general complex parameters and
variables.

Standard analytical methods~ such as symbolic integration, summation,
series and asymptotic expansions, and polynomial interpolation~ are
available.

Properties of special functions~ such as identities and transformations~
are available at MathWorld [8] and The Wolfram Functions Site [9] and,
because these properties are expressed in Mathematica syntax, they can

be used directly.

Relevant built-in numerical methods include rational polynomial ap-
proximants, minimax methods, and numerical optimization for arbitrary
norms.

Visualization of approximants can be used to estimate the quality of
approximants.

Combining these approaches is straightforward and naturally leads to
optimal approximants.
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