The Second Set of
Magic Angles of
Projectile Motion

Haiduke Sarafian

By suppressing the kinematics of projectile motion, we show that a projec-
tile thrown at 49.50 ° above the horizontal maximizes the trajectory’s perim-
eter. We also identify two unique projectile angles, 15.5° and 88.9°, that
give two different parabolas with identical perimeters and identical areas.

m The Magic Angles of Projectile Motion

A projectile thrown from the ground in a vacuum with an initial speed vy at an
angle 6 above the horizontal has a trajectory of length L(vp, 6) and encompasses
an area Area(vp, 6) [1].

L(vo, 0) = vg% {sin(@)—cosz(g) ln[ cos(®) ]},

1+ sin(6)

Area(vy, 0) = ? ( ”g% )2 cos(6) sin’ (6).

cos(0)

1+ o) ], an inverse Guderman-

The length can be rewritten using gd™' (6) = ~In|
nian function. In addition, a projectile has range

R(vo, 0) = g sin(2 ).

These equations share a peculiar property: the kinematics of the problem, the
length vg% , is a factor separate from the parts that depend on the angle. This

separation comes from the parametric representation of the projectile in Carte-
sian coordinates,

{x(2), y(®)} = {vo cos(®) t, — ; gtz + vy sin(0) t}. (1)

Setting the kinematic factor K = vg% to 1 allows us to study the global features of
the purely geometric aspects of projectile motion.
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The given length, area, and range for K = 1 are

i[1}= length[6_] :=Sin[6] - Cos [6]° Log[ﬂ]
1+8Sin(6]
areal[6_] := ; Cos[6] sin[6]®
range[6_] := Sin[26]
Here is the trajectory’s perimeter.

In[4]:= perimeter[6_] :=length[6] + range[6]

In[5]= Plot [{perimeter[% t] s area[l:fo t]}, {t, 0, 90},

PlotStyle - {{}, {Dashing[{0.01}]1}}, Frame - True,
FrameLabel - {"6", "perimeter, area", None, None},

PlotRange - {{0, 90}, {0, 2.2}}, GridLines - Automatic]

—
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Figure 1. The perimeter (solid line) and the area (dashed line) versus the initial angle 6.

Contrary to our intuition, the longest perimeter does not encompass the largest
area; 60 is the angle that maximizes the area.

180
In6]= Select[— 6 /. Solve[D[areal6], 6] ==0, 6], 0 < #< 90 &]
JU

Solve::ifun :
Inverse functions are being used by Solve, so some solutions may not

be found; use Reduce for complete solution information. More...

outf6]= {603}

Similarly, to determine the angle (in degrees) that maximizes the perimeter, we
set the slope of the perimeter to zero and solve the transcendental equation.

180
In[7l:= —— 6 /. FindRoot[D[perimeter[6], 6] ==0, {6, 0, 1}]
n

out[7]-= 49.5097
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n
In[8]:= ParametricPlot [{area[e] , perimeter([6]}, {9, 0, ;},

Frame - True, FrameLabel - {"area", "perimeter", None, None},

PlotRange - {{0, 0.23}, {0, 2.3}}, GridLines - Automatic]
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Figure 2. The perimeter versus the area for projectiles of initial angles 0 6 90 .

The point where the curve crosses itself determines two angles at which the
corresponding pairs of areas and perimeters are the same. To evaluate these
magic angles, we solve the simultaneous equations.

180
nfol:= {a, B} = — {61, 62} /.
JU

FindRoot[{area[61] == area[62], perimeter[61] == perimeter[62]},
{{e1, o}, {62, .9Pi/2}},
WorkingPrecision - 1.01 MachinePrecision] // Chop

ouf9}= {15.52988588878259, 88.9398614918464}

To plot the unique pair of corresponding kinematic-independent parabolic
trajectories, we eliminate ¢ between {x(z), y(#)} as given in equation (1).

nf101= yl6_, x_] :=
gt
y /. Solve [Eliminate [{x ==v, Cos[0] t, y==- 3 +v, Sin[6] t,

V02

- =1}, ¢, v, g}]. y] L1113
n[11]:= y[6, x]

1
Oout[11]= - 5 Sec[6]® (x*> -2x Cos[6] Sin[6])

In[12]:= Needs["Graphics'FilledPlot‘'"];
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In[13]:= FilledPlot[
{y[a Degree, x], y[B Degree, x]1}, {x, 0, range [a Degreel },
Fills - {{{1, Axis}, GrayLevel[0.7]1}, {{2, Axis}, GrayLevel[0.5]}},
Curves - Front, Frame - True, FrameLabel - {"x", "y", None, None},
PlotRange - {{0, 0.52}, {0, 0.52}}, GridLines -> Automatic]
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Figure 3. The magic pair of kinematicsindependent trajectories. These two parabolas
have the same perimeters and the same areas.
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